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Abstract

Stably stratified flows over a two-dimensional hill in a channel of finite depth are analyzed
numerically by using a newly-developed multi-directional finite-difference method at a
Reynolds number Re = 2000. To simplify the phenomena occurringin the flow around the hill,
the free-slip condition for the velocity is assumed on the ground, and the nonslip condition is
imposed only on the hill surface. Attention is focused on the unsteadiness in the flow around the
hill for the cases of K(= NH/nU) > 1 where N and U are the buoyancy frequency and
free-stream velocity and H is the domain depth. The flow unsteadiness is discussed, being
associated with shedding of the upstream advancing columnar disturbance.

Keywords: Direct numerical simulation; Finite-difference method; Stably stratified flow; Two-
dimensional hill

1. Introduction

In the atmospheric boundary layer, buoyancy force associated with density stratifi-
cation plays a key role. It damps or enhances vertical motion directly in the stratified
flows. When a stably stratified fluid flows over topography, vertically disturbed air
parcels can lead to generation of downstream lee waves, which cause drastic changes
in the flow pattern.

It is well known from laboratory experiments (see, e.g. Refs. [1,2]) that, in the
linearly stratified flow of finite depth, columnar disturbances, which have discrete
vertical modes, propagating upstream of an obstacle always appear when lee
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waves exist. The columnar disturbance is a manifestation of the long internal wave
which causes an almost horizontal motion relative to the basic flow. According to the
linear theory, for stratified fluid of finite depth H, the flow is characterized by the
parameter K ( = NH/nU)where N and U are the buoyancy frequency and free-stream
velocity. For weak stratification (i.e. K < 1.0), all modes have velocities less than
free-stream velocity and are swept downstream with no lee waves, while for strong
stratification (i.e. K > 1.0), stationary lee waves can form and columnar modes
propagate upstream.

For stably stratified flows over a two-dimensional obstacle in a channel of finite
depth, there are many findings from both experiments [1,2] and numerical simula-
tions [3—7]. The most striking feature of those findings is the unsteadiness of the flow
around an obstacle for strong stratification. Castro et al. [2] found in their experi-
ments that the obstacle drag in linearly stratified flows shows a persistent periodical
oscillation under a certain stratification. Similar phenomena have been confirmed in
some numerical calculations under similar situations [4-7]. As to the mechanism of
the flow unsteadiness, various discussions have been given [4-7], however, it still
remains unclear.

The numerical simulations reported above have been made at low Reynolds
numbers only as high as Re = 100. Therefore, it is difficult to compare those results
with experimental ones (Re = 10°-10%) directly. We have tried to clarify the
effect of stable stratification on unsteady, separated and reattaching flows behind an
obstacle at higher Reynolds numbers both experimentally [8] and numerically [8,9].
In general, for higher Re, the flow over an obstacle becomes more complex owing to
the unsteady separated and reattaching flow behind the obstacle. In the present
numerical study, we have investigated the linearly stratified flows over a two-dimen-
sional hill at Re = 2000 by using a newly-developed multi-directional finite-difference
method. Particular emphasis is given to the mechanism of flow unsteadiness
around a hill for strong stratification (ie. K > 1.0). Therefore, to simplify the
phenomena occurring in the flow around a hill, the free-slip condition for the velocity
is assumed on the ground, and the nonslip condition is imposed only on the hill
surface.

2. Numerical model
2.1. Physical domain and computational grid

We consider a linearly stratified flow of incompressible and nondiffusive fluid past
a two-dimensional hill in a channel of finite depth. A typical physical domain is shown
in Fig. 1. The inflow boundary is set sufficiently far away to delay the arrival of
upstream reflection (x = — 420h for all cases). A cosine function is chosen for the
geometry of the hill with its profile given by h(x) = 0.5{1 + cos(nx/a)}, where the
width parameter a is set equal to 1. In order to simulate the flow around the hill with
high accuracy, a body-fitted coordinate system is employed. The number of grid
points in the x- and z-directions are 421 x 101 for all cases. Moreover, we have studied
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Fig. 1. Physical domain.
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Fig. 2. Computational grid near the hill.

the other two grid systems which have 351 x 51 and 421 x 76 points, respectively. The

changes in the grid resolution were found to have negligible effect on the numerical
results, therefore, we expect that the present calculations are free from grid depend-
ence. The computational grid near the hill is shown in Fig. 2. The grid points in the

physical domain are concentrated toward the hill surface and the ground. The vertical

smallest grid spacing is 3.0 x 107 A at the hill top.

2.2. Governing equations

Under the Boussinesq approximations, the dimensional governing equations con-
sist of the continuity equation, the Navier—Stokes equations, and the density equation
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where pp(z) and pg(z) are the undisturbed distributions at the inflow boundary, and
pg(z) decreases upward linearly, u; = (u, w) is the velocity, p, is the reference density,
g is the acceleration due to gravity, and p is the viscosity coefficient.
Nondimensionalizing the variables using the free-stream velocity U, the hill height
h, and the reference density p,, we have three dimensionless equations as follows:
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These equations include two dimensionless parameters, i.e., the Reynolds number Re
(= poUh/u) and the Froude number Fr ( = U/Nh), where N is the buoyancy fre-
quency defined as N* = — (g/po)(dp/dz). It should be noted that for the finite depth
flow not only Re and Fr but also K ( = NH/nU), which contains the domain depth H,
is a parameter necessary to determine the character of the internal gravity wave. Since
K is rewritten as K = H/mhFr, it is determined by H/h when Fr is a known number. In
other words, K reflects the effect of boundary conditions though it does not appear
explicitly in the governing equations. We use the parameter K as a stability parameter
in this study.

2.3. Finite-difference method

Through a coordinate transformation (x = x(&, {), z = z(&, {)), the governing equa-
tions (Eqgs. (5)7)) are solved in the computational domain using a finite-difference
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Fig. 3. Boundary conditions.

method. The numerical method used is an extension of the MAC method to the
incompressible stratified flow, and the Poisson equation for pressure derived by
taking divergence of Eq. (6) is solved by the SOR method. The regular grid arrange-
ment for variables is employed. The Euler explicit method with first-order accuracy is
used for time advance in Egs. (6) and (7). All of the spatial derivatives except for the
convective terms are approximated by a second-order central scheme. For the convec-
tive terms, a third-order upwind scheme is employed to minimize the numerical
dissipation of velocities and density. Moreover, for all the spatial derivatives, a newly-
developed multi-directional finite-difference method [10], which leads to a calculation
of much higher accuracy, is used.

The boundary conditions are shown in Fig. 3. The condition 0u/dz =0 on the
upper boundary and the ground except for the hill in Fig. 3 is the free-slip condition.
In general, understanding the evolving flow field is complicated by a number of
factors, particularly in boundary layer phenomena. To avoid such a troublesome
boundary layer effect, which usually appears in laboratory experiments, we chose the
free-slip condition on the ground both upstream and downstream (|x| > a) of the hill.
The nonslip condition is imposed only on the hill surface (|x| < a). Impulsive-start
(u=1,w=0,p=0,p = 0)isemployed for an initial condition. We calculate the flows
at a Reynolds number Re = 2000 for a wide range of K (0 < K < 3.0). The nondimen-
sional time step is 2 x 1072,

3. Results and discussions
3.1. Weak stratification (0 < K < 1.0)

Fig. 4 shows the instantaneous streamlines around the hill for weak stratification
cases of 0 < K < 1.0 at a nondimensional time ¢ = 200. A stationary vortex behind

the hill is observed and its length is shortened as K increases. It should be noted that
for the cases of K = 0-0.8, a stationary vortex becomes longer gradually as time
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Fig. 4. Instantaneous streamlines at a nondimensional time ¢ = 200, Re = 2000: (a) K =0, (b) K = 0.5,
(c) K =038, (d) K =1.0.

(d) EQ@

Fig. 5. Perturbation streamlines Ay (—4 < Ay <2) at ¢t =200, Re =2000: (a) K=0, (b) K=0.5,
(c) K=038,(d) K =1.0.

proceeds. For K > 0.8, stationary lee waves with long wavelength appear (these can
be observed more clearly in Fig. 5¢ and Fig. 5d), but for the case of K = 0.8, this lee
wave disappears at t = 500. Thus, the stratification acts largely to modify the separ-
ated wake due to the generation of lee waves.
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Fig. 6. Time development of drag coefficient C, for the cases of 0 < K < 1.0, Re = 2000.

Fig. 5 shows the perturbation streamlines (Ay/), which are depicted by the perturba-
tion velocities v’ and w', i.e. ' =U —u, w =w, at t = 200. These perturbation
streamlines make clear the existence of lee waves and columnar disturbances
propagating upstream of the hill. In Fig. 5c and Fig. 5d, closed perturbation stream-
lines, which mean the existence of lee waves, are observed in the downstream of the
hill. In Fig. 5a-5d, systematic upstream propagations of columnar disturbances are
not yet observed, although extended upstream disturbances are observed for the case
of K = 1.0 in Fig. 5d.

Time development of drag coefficient C4 over a period of integration 0 < ¢ < 500 is
shown in Fig. 6. The behavior of C4 for all cases suggests that the flow around the hill
for weak stratification cases of 0 < K < 1.0 reaches an almost steady condition. But
exactly speaking, these C, values never reach a constant value, reflecting gradual
elongation of the size of the stationary vortices.

The stable stratification effects on the flow over a hill for weak stratification
cases of 0 < K < 1.0 at a Reynolds number of 2000 are almost similar to those at
low Reynolds numbers (Re < 100) of Castro [3], Hanazaki [4,5] and Paisley
et al. [7].

3.2. Strong stratification (1.0 < K < 3.0)

Fig. 7 shows the instantaneous streamlines around the hill for strong stratification
cases of 1.0 < K < 3.0. The lee wavelength is gradually shortened as K increases. The
first upward flow in the lee wave motion induces a rotor (secondary separation) on the
downstream ground. We can see another rotor on the upper boundary, the location of
which gradually approaches x = 0 as the lee wavelength is shortened, as seen in
Fig. 7a-7d. These rotors seem to behave as a downstream obstacle. Moreover, for the
cases of K = 2.5 and 3.0 in Fig. 7e and Fig. 7f, “lee wave-breaking” can be observed.



500 T. Uchida, Y. Ohya/J. Wind Eng. Ind. Aerodyn. 67 & 68 (1997) 493—506

Fig. 7. Instantaneous streamlines at ¢t = 200, Re = 2000: (a) K = 1.25,(b) K = 1.5,(c) K = 1.75,(d) K = 2.0,
(e) K=25,(f) K=3.0.

Fig. 8 shows the perturbation streamlines (A). The wave of mode n = 1 begins to
propagate upstream in the form of a columnar disturbance. The “detaching” of the
eddy is seen since the strong and weak part appear, in turn, in each mode of upstream
advancing columnar disturbances. As K becomes larger, the mode n =1 eddy is
detached successively at a shorter period. When K > 1.75 in Fig. 8c—8e, the columnar
disturbances with mode n = 2 also propagate upstream of the hill and when K = 3.0
in Fig. 8f, those with mode n =3 are seen clearly. It should be noted that the
columnar disturbances with mode n = 1 generated as “detaching eddies” have only
the clockwise circulation for the case of K = 1.25, while for the cases of K > 1.5, they
have both clockwise and counter-clockwise circulations. A detaching eddy (columnar
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Fig. 8. Perturbation streamlines Ay (—4 < Ay < 2) at ¢ = 200, Re =2000: (a) K =1.25, (b) K = 1.5,
() K=1.75(d) K=20, () K=25,() K=30.

disturbance) with clockwise circulation is generated from below around the hill, on
the other hand, the one with counter-clockwise circulation is generated from the
above near the upper boundary. The origin of the detaching eddy (columnar distur-
bance) from the above seems to be a rotor on the upper boundary when it is generated
very close to x = 0 by a short lee wavelength.

According to the linear theory, the propagation speed of the columnar disturbance
(eddy) with mode n =1 is given by (K — 1)U. The value obtained by the present
calculation is consistent with the prediction of the linear theory for the cases of
K > 1.25.

Fig. 9 shows the time development of C4 for the cases of 1.25 < K < 2.0 over
aperiod of integration 0 < ¢ < 500. The most striking feature in Fig. 9 is the persistent
periodical Cy oscillations for the cases of K = 1.25 and 1.5, while for the cases of
K = 1.75 and 2.0, these oscillations rapidly decay after t = 200. These C, oscillations
suggest that the flow around the hill under strong stratification is intrinsically
unsteady. Especially for the case of K = 1.5, the amplitude of Cy oscillations is very
large. These features of C,4 variations in time for the cases of K = 1.25-2.0 are very
similar to the results of Paisley et al. [7]. We will discuss a possible mechanism of the
flow unsteadiness in more detail in the next section.

3.3. Discussions of the flow unsteadiness (1.0 < K < 2.0)

Hanazaki [4,5] asserted that the Cy oscillations were the result of the columnar
disturbance (eddy) detaching from the obstacle. Castro et al. [2] suggested that the
Cq oscillations were driven by the changes in the effective value of K upstream of the
obstacle as a consequence of the changes in the strength of the columnar disturbances.
Lamb [6] stated that no upstream columnar disturbances which permanently modify
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Fig. 9. Time development of C, for the cases of 1.25 < K < 2.0, Re = 2000.

(b) W

Fig. 10. Instantaneous streamlines for the case of K = 1.5, Re = 2000: (a) high-C, state (t = 425), (b) low-Cq4
state (t = 450).

the upstream flow conditions were observed even though the C4 oscillations were
seen. Paisley et al. [ 7] suggested that the unsteady behavior was the result of nonlinear
processes.

We consider the flow unsteadiness for the cases of 1.25 < K < 2.0 as follows.
Fig. 10a and Fig. 10b show the instantaneous streamlines at high- and low-Cj states,
respectively, for the case of K = 1.5. There is a large difference in the flow pattern
between the two states. In a high-Cg4 state, we can see large-amplitude lee waves over
the hill, while in a low-Cj state, these are small. Correspondingly, a small recirculating
eddy behind the hill is induced in a high-Cg state, while a large one in a low-Cy state.
Fig. 11a and Fig. 11b show the Ay patterns corresponding to high- and low-Cg states,
respectively. We should note that the columnar disturbance (eddy) with mode n = 1
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(b)

Fig. 11. Perturbation streamlines Ay ( — 4 < Ay < 2) for the case of K = 1.5, Re = 2000: (a) high-C,4 state
(t = 425), (b) low-Cg4 state (t = 450).
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Fig. 12. Perturbation velocity vectors for the case of K = 1.5, Re = 2000: (a) high-Cy4 state (¢ = 425),
(b) low-Cy state (t = 450).

has just detached from the hill in a high-C, state, while the one is just about to detach
from the hill in a low-Cy state. To examine the perturbation-flow field in more detail,
the corresponding perturbation-velocity vectors near the hill are displayed in Fig. 12a
and Fig. 12b. First, it can be observed that the columnar disturbance (eddy) with
mode n = 1 has a clockwise circulation. Therefore, when the columnar disturbance
(eddy) has just detached from the hill, it induces a downward flow in front of the hill as
seen in Fig. 12a, on the other hand, when the columnar disturbance (eddy) is just
about to detach from the hill, it induces an upward flow in front of the hill as seen in
Fig. 12b. These downward and upward flows generated by the columnar disturbance
(eddy) affect the approaching flow directly; the former tends to press down the
approaching flow and the latter tends to lift it up. As a result, the curvature of the
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Fig. 13. Flow around the hill reached a steady condition for the case of K = 2.0 at t = 500, Re = 2000:
(a) instantaneous streamlines, (b) perturbations streamlines Ay ( — 4 < Ay < 2)
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Fig. 14. Variations of Cy4 with K, Re = 2000. Full and dotted lines indicate persistent and decaying
C, oscillations, respectively. The behavior of C4 for K = 2.5 and 3.0 are still unclear.

separated and reattaching shear layer behind the hill becomes large as seen in
Fig. 10a, while it becomes small as seen in Fig. 10b. Since the base pressure of the hill
can be directly influenced by the curvature of the separated and reattaching shear
layer, C4 becomes a high value due to the large curvature and a low value due to the
small curvature. Thus, the alternating states of high- and low-Cy are caused by the
shedding of the columnar disturbance (eddy) in the upstream of the hill. Accordingly,
the period of C, oscillations in Fig. 9 is consistent with that of the shedding of the
columnar disturbances.
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Next, we consider the reason of the decay of C4 oscillations for the cases of K = 1.75
and 2.0. For these cases, the columnar disturbance with mode n = 2 becomes domi-
nant, for example, as shown in Fig. 13a and Fig. 13b for the case of K = 2.0. This
leads to the flow around the hill to be a symmetric one with the horizontal center axis
of finite domain. Therefore, as time proceeds, the flow around the hill tends to reach
a steady condition for the cases of K = 1.75 and 2.0.

3.4. Variation of Cyq with K(0 < K < 3.0)

Fig. 14 shows the variation of C4 with K for the cases of 0 < K < 3.0. We can see
that C4 decreases locally at integral values of K = 1.0, 2.0 and 3.0. The overall trend of
Cy is similar to the previous numerical studies [4, 5, 7-97].

4. Conclusions

We have performed numerical calculations on the stratified flows over a two-
dimensional hill in a channel of finite depth at Re = 2000 for a wide range of
K (0 < K < 3.0). To simplify the phenomenon occurring in the flow around the hill,
the free-slip condition for the velocity is assumed on the ground, and the nonslip
condition is imposed only on the hill surface. The major conclusions of the present
study can be summarized as follows:

(1) As K increases, the recirculating eddy behind the hill is suppressed and its length
is shortened. For the cases of K > 0.8, lee waves appear and affect strongly the flow
behind the hill. The lee wavelength is shortened as K increases. For the cases of
K > 1.25, the lee wave motion induces a rotor (secondary separation) on the down-
stream ground and another rotor on the upper boundary.

(2) From the perturbation streamlines (Ay), which are depicted by the perturbation
velocities, the upstream advancing columnar disturbances (eddy) with mode n = 1 are
observed when lee waves exist. When K > 1.75, the columnar disturbances with mode
n = 2 also propagate upstream of the hill and when K = 3.0, those with mode n = 3
are seen clearly. The propagation speeds obtained by the present calculations are
consistent with the prediction of the linear theory for the cases of K > 1.25.

(3) For the cases of 0 < K < 1.0, the time series of the drag coefficient C4 suggest
that the flow around the hill under weak stratification reaches an almost steady
condition. On the other hand, the persistent periodical C,4 oscillations for the cases of
K =1.25 and 1.5 are observed, and for the cases of K = 1.75 and 2.0 the Cy4 oscilla-
tions rapidly decay after t = 200.

(4) For the cases of K =125 and 1.5, the flow unsteadiness associated with the
periodical variation of Cq4 is caused by the “shedding” of the columnar disturbance
(eddy) from the hill. A high-C, state corresponds to the situation where the columnar
disturbance (eddy) has just detached from the hill, while a low-Cy state corresponds to
the situation where the columnar disturbance (eddy) is just about to detach from the hill.

(5) For the cases of K = 1.75 and 2.0, the flow around the hill reaches a steady
condition because of the appearance of the columnar disturbance with mode n = 2.
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